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INTRODUCTION

Selection and rankinq (orderina. problems in statisti(ol it, i t.rer,

arise mainly because the classical tests of homoqoneity i,,r 1Oq) io

adequate in certain situations where tht. experimenter i,, - l

comparing k (- 2) populations, treatvients or 1-rocesso, with tho,

selecting one or more worthwhile (cood) populatiovns. Me t 1,', r ( I

Paulson (1919) , rahidur (1950) ,-.nd ,.Ihadu" m, m 'iitd in, i'i" t W ,

the earliest. rei tarch workers to rer o rliz e thi ia iadlii y ,11,0 i, 1''

mulate the problem as a multiple decision probli, aifilid it t ',,,I, ,

and ranking of the k populations.

In the thirty years since these early papers, sele( tin imd, i',t,4 it i

problems have become arn active area of statisti(, re,.,,.v, h. Ih,,v hiI

been two approaches to these problems, the 'indif ferenf, i' i'

and the 'subset selection' approach. In the first approoeah, hIm 1,

Rechhofer (1954), the experirenter ;wi shes to eel. ott" o(,u im, ih 'i

a fixed number t - I of population) which is (luarTnteed to f, th, ,ii

of interest to him with a fixed probability P* whenevot h,, im,

parameters lie outside sette subsace of- the, iwtaitr 'p I. lb,

called indifference zone. liportant contr him t oliui, tv,ii' t hi'. , ,,

have been madr, by ilechh oer and Sohel (11s 4), P.Wthhotou , !)e,,t 110

)o b e l ( 1 9 1 ,4 ), % o b (,l a n d i y t . t ( 1 T h T ) ',t it l ( 1( 0/( , A't, h h o t 1, ! . 1' 1

and Sobel (1968), Maha tunilu ( ) -,u nt d ', tel (i ,,;', I I'.11 1 ,1



[alhane and Bechhofer ( 1977 , 199 ) among others. A quite complete

biblionraphy may be found in Gupta and Panchapakesan (1979.! (see also

(;ihbons, Olkin and Sobel (1977)).

[he second approach pioneered by Gupta (1956, 1963 , 1965) assu.

no a priori information about the parameter space. A .;in'ile o 7 It

is not necessarily chosen; rather a subset of the given k populations

i; -. ected depending on the outcome of the experiment. t i

to contain the population(s) of interest with probability w hich

Iea',t equal to P* (the basic probability requirement) roe'ardless of "he

t.ruo unknown configurations of the parameters. Some rccent contrci bu tm ,

in the cateqory of subset selection include: [ieely (1965), GnanadeJk.,

(1966), ,nanadesikan and Gupta (1970), Gupta (1967), Gupta and St dien

(1970), Naqel (1970), Gupta and Nagel (1971), Gupta and Panchapak-san

I'/?), Rizvi and Sobel (1967), McDonald (1969), Gupta and Mc[)onalcd

(19/0), Santner (1975), W. T. Huang (1972), n. Y. Huanq (1975), G:ipti

and fiuanq (1975a, 1975h) and Gupta and Huanq (1976).

subset selection procedures can also be thought ol as sreen i I

lrin(.edijre, which enable the experimenter to select a sbsei of pop-

iulat ions (tunder study) which contains the pnp',Iations of interest so

lhat the populations in the selected subset can he fHrther stulis.

mqluential and multistaqe aspects of the rankinq and selectioin

problems, have been explored, based on the in,tifferon(e zmme approach

by l'(chhotet, Duiet.t. and %o(fl (1954), kio(hho(',r (1 ,'.P ), , u rc

(1 , 9A, 1q64, 1967) and Bechhofer, Fiefor and obol (196,).

Ii , n aid Gupta (107?), Huanq (197:' , Glp ta an I llcd (1'). IjI

,mId Mios(.ke (1979) aid Cirrol 1 (1974) hive irvoti'at,, V , .

i!' eolci i, , hi t'r (ci 0 en a I,"I I"*' 1l ,,:l i 'ce;.



Contributions to optimum properties of subset selectmi irm -il

have been made by Lehniann (1961 ), Studden (1967) , Deely anid nitfi (J?

Berger (1977, 1979) , Gupta and Hsu (1978), Gupta arid Mies)cke ( I i;

Berger and Gupta (1980).

In the decision-theoretic approach to the subset !,ele,-tion jriwu

Goel and Rubin (1977), Chernoff and Yahav (1977), Bickel anid Ydrh'i'V /)

Gupta and Hsu (1978), Miescke (1979), Gupta arid Kim (1980), !till

Hsiao (1980) have given different formiulations under dif~iiri Ii

functions and carried out investigations whih indicate tl. t hi yr

type iniadxirnuni (mi ni mum) means procedu res are go i V' gt

The main purpose of this thesis is to stidy 'imti pieO I iiif.

the subset selection approach and provide procedures, iwiil

4 some unsolved problems.IChapter I considers the problem of selecting a subset. colii w

all populations better than a control under an ordering o'inr. Iii''.

by an ordering prior we mnean that 'here exists a known ml

partial order relationship amirong the unknown parameter'; of th Im'' y

netos (excluding the control). Three new selection pro( cdijr it

proposed and St J ed These procedures do fleet the- tiiwil ,(-ii i tf1 it

that the probability of a correct selection is kareate th I hit Ii

to a pre--deterinined number P* Two of the three procwirw,'' ii, I hi,

i sotonic regression over The sai'l e 10305an (if the t; tro,11'ririt . Jith

respect to (wrt) the given ordering [cr1or. Tables wi if iii' il tiny

to carry out the selection procedlures, wi th is;ofm onijipuili oi filt I,

selection of uniknown means of normal nopo lat ion'. ind orriuj]i

are (liven. Monte Carlo comparisons on thro perfornarif I 'cvii!.

procedures for- the normial or gjam'a imr' trK I mmmitr s), ann u i



sevra I selected cases these are (Ii ven in Table V and [ahl e VI ot t he

•1rd of' Chapter ]. In each case te2n thousand simulations were pertrareI.

[he results of thik study seem to indicate that the procedures based oil

irtoric estimators always have superior performance, expecially, when

there are more than one bad populations (in compacison with the (c )irt 0

Chapter [ deaIs with a new eIa'yes-P approach about the pruohlim

F ,electinq a subset which contains the 'best' of k pui Ilatiolri, I lore

by best we mean the (unknown) population with the larqest unknown iein.

Ih'e (non-rrandorlzed) Bayes-P rule refers to a rule with rinimunrrI1 i-

the class of (non-randomized) rules which satisfy the condition ,it

pa ',toeior probability of selectirg the best is at least equal to P

6fv,,r the priors of the unknown parameters, two 'Bayes-P 'subset fo I ek -

ill licodues R ari d 4' B (randomized and non-randoized, respectivl

i rcerelss functionse and c

a max imum-t.ype means procedure The comparisons of the per forrnaiic

r .''th and , based or, Monte Carlo studies, indicate tha* the)I NR

lranodure ; always ha.; higher 'efficiency' and smaller expected ea I -
B

,. ize of' the selected subset. Also ;. appears to he rohust wher thMa

I rio. di iibutiorr , are not normal but are somre other svimetri c d i-ilrj

linra ,uch as, the loqistic, tile double exponential, Lapilace, aml i,

errui model (the contaisinateo di stribution).



CHAPTER I

SELECTION PROCEDURES FOR POPULATIONS

BETTER THAN A CONTROL JNDFER ORDERING PPIOR

1.1. Introduction

In this chapter, three new selection procedures irv iji v.i f min i

problem of selecting a subset which contains; all populatiure, 1w, thr

than a standard or control uinder simple or partial orderie( oim

Here by simple or partial ordering prior we mean that the'-i t- i-f

known simple or par-tial order relationships (defined morno ;npe if i i!l

later in Section 1.2) among unknown oarameters. The prnutrd'ir, (-

scri bed do mneet the usual requi rement that the probabi Ii f. if W{ i (I -

rect sel ecti on are greater than or equal to a predetcnuuiinfl uilli 1'inh

the so-called P* condition.

Many authors have cons idered the problem11 of f Onupnir til popi I'tf in(I:.

with a control under different types of formulaition', 111.1t

Panchapakesan (1979)). Duurroett (1955) cons idelrnI] the pdi I (Ii W tij

arating those treatnient which are hetter than the confrol fIr' lhr-f

that are worse. Gupta and Sobel ('19521). Gupta (1 ;) ) , JIt(

Brostr6in (1977) studied the urobleim of .,olectinq i nh f if 1111iT

all populations better than !.he control. Lehmann (1961 ) di,,

similar problems with emphasis on the derivation of a rwf i' [-dmil

max procedure. Ki'ii (9(71 ), llsiao (1079) ,tiidiod fhie niOI-1 l



4lect in( p(fpulations close to a control. In all these papers it i,

Is',umed that all populations are independent and that there is no in-

formation about the order of unknown parameters. However, in man,, .ii-

nations, we may know something about the unknown parameters. What we

know is always not the prior distributions but some partial or incovi-

plete prior information, such as the simple or partial order relation-

,hin among the unknown parameters. This type of information about ih

ordering prior may come from the past experiences; or it may arise in

the experiments where, for example, higher dose level of some drugs

always has larger effect (side-effect) on the patients.

Iri Section 1.2 definitions and notations used in this chaptor are

introduced. In Section 1.3 we consider the problem for location pa-

melters. We propose three types of selection procedures for tie cases

when the control parameter is known or not known (the scale paraeter

may or may not be assumed known). Some equivalent forms of the pro-

:edures are given, and their properties are discussed. In Section 1.4

the problem for scale parameters of the gamnia distributions is consil-

eret and three analoqous selection procedures are propOrse!. In both

sect ion 1.3 and 1.4 simple ordering priors are assumed and some then-

rem, in the theory of random walks are used. In Sectinn 1.5 a elec-

ti irn proCedure is (liven for the problem of selecting all populatiorc

ht er t han Lhe control under partial orderinq pri or. Sectin I. C

tela i with the use of Monte Carlo techniques to make compa ri sol -'in

thre vvle(tinn procedures proposed in Section I a ndi th)se in Se',I nn

.4, cr spe:t i yely



1.2. Notation-s-andDefinliti-o-ns

Suppose we have k + 1 populations 0' 1- Tho ri p)po~ Kl

treatment --0is called the control or standard populdtlioni. i

that the random variables X .. associated with F(-,, i ) 'il ;".

1 = 1,. ,k, i s an i ndependen t samo Io from11 AsYmUI I Ith 1,1f .k i V

ordering prior of '1 i rst we -ISSUIM tli t, t' (Wr;(t-1

is the simple order, so that without loss of lenfrrl jty, wV, :, V

that, *. V In Secin 1. 4ewl usdrtn w i

ing pri or case. Note that the values of', s are Unknown.

Suppose our qoal is to find a non-trivial (sal 1) wii,! iti 41'

tains all uopulat ions with parameter larger (wool ler) t han t Ii i

0 (known or unknown) with orohobi lity not t'so il;I '-1!

The action spa((c. is the class of all suh,(. of 1, :'-. .

An action A is the selection of some subset of the k poji,ki lim Io

i-eans that riis inicluded in the selected ';uhset..

L et 0' ,; -- Then the parameter ;ror I, i? liv

k+
where ro C p IR 1-

k+1
k +- 1 dimensional Euclidean space PR

The sample so~ace is denoted by where

n 1 nk

Defini tion 1 .2.1. A (non-rando izpoK' -soli t int poedti ( I-1 I I-

i,5 a rmppir nq from '.to L.



A population ( i 1,...k ) is cal led a (fooid p~opul ati on 1t

''0 and we say a selection procedure "make a correct selection

i f Ifi h e " I t (,(I lA A t. t oil ta i i', I 1 (lod pofiw I at I il1'. . A I

t, i on procedure 2satisfies the P*-cotdi ti on if

PCS) P* for al I I

Iho t i s

inf P (CSI,) -P*.

Let j.vvinf P, (CSIV) P*- be a collection of all selertitn!

lfimedures sati s fyi nq the P*-cond i ti on.

In the sequel we will use the isotonic estim,,ators ',see Rarlc,),,,

Barthol omew, B remner and Bronk ( 1972). Hence we qI ye the foll1ow! i

initions and theorems.

Brfinition 1.2.2. Let the set L be a finite set. A binay\ relation

on I is called a simple order if it is

(1) reflexive: x -x for x C,

(P) transitive: x, y, z a and x y, y z irmply x z

( a anti syimetri c: x, y (~and x y, y x imnly x=v

('1) every two elements are comparable: x, yt-, imply either

X Y Or' Y X.

A partial order on is binary rel ation on ,Such that it

i (I1) reflexive, (2) tranritive., and (2intisymnmetric. Thu-, e'Ver."

,impn order is a part ialI order. We use, poset (,,) to denote the n

thait. ha,, a partial order hinary relation >'on it.



Defi nit ion .2.3. , re i I-va 1ue ' , t inrl f i I i ,, , .A

if and onl, f (1) is de-i ' , on , (i it v .i f ,

"(x) f(.y).

Definition 1.2.4. Let a he a e -v 1ctd f ctio rn iti . . .. 

:jiven positivr cut, i n tj. I,,,i ,n q i7 . ,

rearession f with weioh ts W i-' ori only if

1 k* is j n isotonic 1!n tiorl .l '( et .., )

where I.-s the ,:1as - , I sq r oni c t )Ie , ," .

F or Bar Iow, et. a 1 1 (4 ), en the r Th , , I, , .

corn ] .rv r h e!'., we have the Inl ovi Iq t he,(v, s.

Theore' 1.2.. There exisx s on p i i'v 'cic ,I 1 (it ,

of , with wei',ht * on nmc, ', .

lefini t i nn I. .L. A set is c E ,,, . i ,

t, o1 1), 1

e i T T I p.p. ,, f , , c , . I ,I I c '

17o ; ! ," ' j ',,) ' c 1' . i ccci' cl [a I I W,

) ( * ' f it ,' ( t ) c i c ( 1 t



iii f ( t) - ( t A q(t si (* t A t

i t i t t o ) w rv i

frin .2.' Tfie c iass o &F al I'j-otnric fivCtlo0 ) on (

,I MveX COW, (Ind7 a I (ttice.

hoe are sotvw akorn th!:s such a*s the 11e -ajcWvV

a Hhr (see paqe I, of Porlow et, Wi (197.)) or Avo "ry

ii ,'1 id (' v T1la 41 55 ) or the ''up -a I I-down L)Iok., I ']eir I - .

(I'I I whic h -,how how to ca I cal i te the i sot on icre2es .>

NI (M im HaxIlin 1 o )Yula) 1V ee 1iyn t.' .N

thit w aepst hr

Pr' thit i( i nI h,, h s) m ( r -r ,O n i

m~~~~~j~a h~iit tv(s .)lw m -(r ii .

o*1 ~

"I i t "' v

s .

> 4iv

....... t>> I

wh -1 0'



Cor'ollary 1 .2.1 4- C q +

(a q) q*, if a 0

Corol a ryl.. [. (oq)o + q~*] -(*I 4 ((*,V

neqat ive fun Cti On and , i n arbi trarv 4 utnctinn.

1.K Proposecl Selectio-n -Proce-d-ures- "or the -Location Paircitt i r[ I,,

To discUSS ';omo more neoneral r(-';j- it, we ocssiril I.hdtt' Ii

nos an absolutely iunotinujons iocat nn)--5ale di'trijb!t in 1 1n 1 H!

F(x, *.* 1 here 0 N ( fo r alI I ~

Ithe values of 'a( ,,.. a k are unknown, b.ut- their orit-i ,

.. 1 .. : .1 is know,.. %ote t hat in this case we rep),.- Ii

parameter space by ,all1 othe-r wiant i tie rec'a irtir I the

Let us define the subs;)ace -

Iv .k- I and le t ',Llb c J b a. Awnl H lih I':'

k
0 thon wqe ha ve U No t thi I I,

ji 0

distribution of popu Ia t ion is F (- ) efei

observat ions X0 f4 Ir')!] arYl he slIle' t (IIO1'' n 0

( n0 + k x( 0 , x X X) I . Isiih K

k?

inif P '(CS in' il 1 , I ( )

li,

for any sel Iect ion roceduce L- a,. rn t he P*-( ond it f mi y li v. ,ii

ton



I.

inf P,(CS ') _ P*, for i 1 ],..., k.

NoIe that inf P (CS; ) = 1 for, any selection procedure • Iine triere
,.0

J'xi jt no good population in this case.

C.,jppose X. = x. is the oLtcome of the sample mean of population

-. k. Let J, denote the set 'l' '2. k where

od let W( i ) = n" 21 w , = x,, i = 1. k. Then by the :'ax-

min f-ormulas, the isotonic regression of q is q*, where

t
x.w

m) = Iax rin ------ I 1
s--- ' W.

lh(, i-,otonic estimator of ;.i is denoted by Xi: k I i 1,l...,.k where

t
., X .W .
h 3 L

X . = :a x ,i n -s
i : k I S i s . t

w

js

m max i nX (1 .. i w k

X. max Xj. ~ (1..+3.1+)i

X ,k min X ......." " '.,.+w. " w-+.. .+w kj~~k j, Ji+1

I 1. Proposed Selection Procedure 1

( I . ,0 known, coImon variance .2 known, and common saup le size i.



Definition 1.3.1. We define the procedure 1 as follow,,:

Step 1. Select "i, i = 1,..., k and stop, if

SXlk '0 l :k ,.

otherwise reject l and qo to step 2.

Step 2. Select i i = 2,... k and top, if

2:k 0 2:k

otherwise reject if2 and Io to step 3.

Step k-1. Select i = k-I, k anr stp, if

X '~(1) 1
'k-l:k 0 - k- I:k

otherwise reject k-I and f(1 to step k.

Step K. ,elect "k and stop, if

"k:k "0 I: '

otherwise reject ,k"

I ere di 7 's  are the smallest values s,mh that 1 ,,, that i'.
i :k

isfies the p*-condition.



I. O2 n the Fvaluation of inf P (CS and the V11 Im o t t he

Constant, d(1  1)
I k k k

I Or, (nY I i k, let Z.i 's i .i.d. F(. 0 1) then

P (CS'!

k-i+1 d 1

1) 1x.,k 0 dj :k

k-i+l j -(1

,J=1 ril

k -i41 j r

11 u~ u~ !Z r + - - 1

wh iih i, (IOCieasinq in 1 r r 1. k-i+1

Oni the other hand,

inf Pi (CS: )

k-i+1 d'

k-i-1 :k - k-i+lk

whoniever. n, n --o .

in I (CSk-i 1:k K k-i 41: k



k-ii±

distributions as

7 + .47.

let V. 7 I

1 r

we have

inf P ('CS!s 1 ) P(V. 1 - I~ i 1'.K H.'

Theoreml__ 1.3-.1 . In c,-,e 1, (!: 0known, common known in( wo 0..

size n), if d~) is the solution of equationk-i+l :k

P(V.i -X) =P*

where

V mi n '7 or) or i . j. I. I

1,..k then satisfies the P*-onition

Proof. For any i. 1 :i k

irif P (CS) P(V. - 1P

so si;Fi0 the '*-Connfif ion.

Thereforn , the problemi c~f "nrijnq tho i rf-m(' T''.r r

di t r hi liin, ofn V, a. nd V Thr , i , F . hi vsi 0 by wn iwi .i

Ie m" I it m I m fi m I m)tv tl 11)m 11 Vil 



',)me Theor(er, in t he Ttee ry , ,,ndomt JaI

ulppose Y Y, .. are independent random 'varial!]es with P- w' t

lit riut ion H not (mo( n terat d on a hal f-axis, i.e. Y I

'( Y I  ti) i. The induced random walk is the ,equence r (i(v'

valr ii hi,
SO zr '  = Y1+ "+ Y, n- I,? .

Sn "" y n.

0', 1. ' 0. 01
Tn  P(S 1  0 ..... Sni " O, S (.

(s) s nsn  0 - s I. ' .7

I hn w( have the, tol lowi nq t heorem which was disc( vered b-, Anleesm

(I ' ' . fellr (1971) qave an elegdnt short [roof

heor.. 3.

n
Inq IP(Sn 0)."1 f" " n 1.

hf ',l1. Ii . (Felle,, (il

> P S1  0,.... , l ,
I~~ ~ ~ h(1o ( 1o Q7

hint n

n

1(1 l ;I,'

hlri-i ''



I /
By symmetry, the probabilities

qn =  P(S 1  0..... Sn ', (i. II)

have the qenerating function q given by

- ni" Sn*

lo g q (s ) £ P (S ( ). ( . ..
n=l

Note: The above two theorems remain valid if the sirjns and ,'

replaced by - and <, respectively.

'ow, let

r
U max Zi j - 1,2,...,.

and

,i r
VI m~~ r.= rin 7', 1 , ?: l

where P are i i . with absolutely conti ruou, c.i.f ((.). . .
1

would like to a:)ply Theorem 1..9 to qet the dis.rih bu i I f I o1!,

' i = 1 ,?

Remark 1. ,- 1. The di ;tributi, ,n of . I k f

wi 1 be vjed whenPver our ijoal i 'Thl't, pl, hi s, t t , l , ii

in nq n opul at ion wi th o:I r,i;-'ter 1', I r t hon lti, (,fllt'I-

Theorem .4. The ilenerat inl f in(tion q(k of P(L' ). i I.

I i N
.1 n I



I>'

where

S (Z! - x) , ,...,

if the distribution of Y1  Z- x is not concentrated on a half-axis.

lIroo f. ";inco the distribution of random variable Y. - > is not
1 1

concentrated on a half-axis, and Yi 's are i.i.d. let Sr  (Z' X

1.... k. Then

×1 ' , -ax 1 O, = IS 0 . . S O. r r ' "

fly leller, Theorem 1.3.3, we complete the proof.

Sim il:rly, 'V' x = S. . , i = ,?.....

S1 1 r

whoetl

,her m 1. 1.5. The (ieneratinq function p(s) of P(V' x) is
ji

V( s']  P(V'. " x) = ep .: l sn P(Sn 0)' (1.3. lol
x 1 S n = I I,

it tht rlsirihutiol of Y 7i - x is not concentrated on a halt-axis.

ocr I lo ry 1. Li. I.Both Theorem 1. . 4 and Theorem 1. .) hold for !11

M h hit . (;( • ,



I

Proof. Let Y =  - x, then

P(Y1  0) G(x)

and

0 G() ,

hence YI is not concentrated on a half-axis.

Corollary 1.3.2. Both Theorem 1 .3.4 and Theorei 1. ,3.5 hold (o .!II

x whenever G = ., c.d.f. of N(O,1), or G = F which i, dit i f-.' i tHi,

beginning of Section 1.3.

Proof. Followed immediately by Corollary 1.3.1.

Note that in the case of location parameter of norma l .1 I'.r,

P(u .- x) - P( x).
flV n

Let

W(x) .* = P(S. 0) j = 1 2

n n

we have

p(s) I s P p(v! ×) exfJ (a(")).

=
p(n+1 I (n ( ' l - )

Proof. Since p' (s)) 'he result fln ho jiri(i j ! v h i'!i I

tion on n.



0

I hoeut 1 . .6. Under the assumption of Thomn 1.3. 5

(V x) 1 -i0i+ ds +lps

-n+1 I P(V '2 i 0 n]- , 2 . (1,1>

Wheyro

P(V6 X) 1 , Vx.

Pvn f . fly Lemma I . 3. I , we have

n± Vr+I X) Ill+1)+ ~ (S)

n

0 (n4 ) (0)~iV Pli-f) t'+-, i

14 1 n+ -

nl 2P(V x)

'ii1 i / we have

([ni -l n +1 i-+ 1 r)p c) )

I 1 I i t Ii rIg 1)i s t Hi bu t i ons o1 W and V
n nl

t i r ( x) -P(Un x ) mdi F x ) denote the limitingdit-h ]e

f 41, is *,n1 f 1 '. 5 01)opnse the di st rihiitinn of tan~orn ,a~ I,);(

x ' rinot, (onneenty r ti : IW II I ha'lf ai'"i, I hol we hivo



IiI

-F n (X P "S 1 0) Y P(S 1  0 . r_ 1). ' ,
r<2 . .

1 - F (x) = 1i ( )
S '1

and apply Andersen-Feller Theorem 1.3.2, we have

F (x) exp 1 P(S 0. .
r C

Sr~ 111 I "
Simi larlv,

II

G (x,  = exp 1
r t

where

G (x) P(V' x).

Let

G (- d! )  P*. .:

If Z., i 1,... ,k, are independent i dentia ly di t ,

(( ,1) , then we can us e h ro c u ren (e f onrmu , i ,; l, .

solve the equations P(Vi  - dk-i l K . i 1..... . Ill Il

('ase I, .(x = (- , '.i).

Remark 1.3.. Frnm form la 1. , we know thit d (1 ) i 1

does not 1t mod on k. And w, have ( i i vIIlo f,k -i 4 1

k - 1 (1) 6, 10, , and PI - 99 .-97, OF 1"O , , .

.7, .65 are tabulated in Table .



I. ome Other Forms of Selection Procedure

In , . .,1 . i is increasinq in i.
1 :

Prm() t. y Remark 1 .3.2 and the fact

iV. 4

V. min (V , i Zi

I en i,, .i . . If c., - j i -- k is decreasi r in J, then

i i
U X i '- c. = U X. - c.

j - I :k " . i j :,k

i i
F'ront. IJ IX. - c. - U <X - c. ,PI j :k C,.1 i -1 j :k -

j:k j:k, .

On the other hand, i f

X k - c for some r, 1 r

Xk - c for som '1

X : max Xr~k s k
I s r-

Ih i,, -, " -i II i s Y

ins" 1h -" .. . .rri , is.. -rs . . . , F-_l-



Hence we have

Ji !X* j - C U j :

therefore the le;nir is Droved.

De f in-i t ion-I.~ We define a seleCion procfod!.of hv '.

tho inenalit v in the i th steP of 10CPoeUrCe K'h hol I p

1 :k i k

where d a., are the s!,a 11 Pt va ILies oulch thatf

the 1P*-corditi on.

Theor-ei 1. IN.,h se'!ection p-ocedtire aind oNt'l l1 1

l d' i = 1 k .i :k i : k

Pro f, . or any i , 1 i k by Theare'i 1 . I

P* in] 0 C' -<- 1 j
C. 4

On1he othcer hiill a; rin( thn -same Wrreno1 (Al 0I..

haive

Hience we have d 'I

S ho i rof Id 'rIiC A :k i:k'I ; . o 1

j... the ovet; .



11 x.

d(t i (:11I

C. mi O1fCtther Proposed Selecti on Procedurs.

I .0 1 ie[reolos(d vorle OIt her Orolo tioti [WOceur

III 1 t o . We letinc rlS Ploc t. io!! flrmo lurc .

1o I1>. i f a nd 0e 1, 1 v i r.X

when( (I k the seia ]lest. valie seen thait .~sat.~sfies t ,-

Iele asv:J(itijn' I' 11ve Indlvee<11O

W() Ce 1 et I)OP tt in OH thon a( i 1 sal ct e a

k x1 :k t

vI 1, 0 Io Ii h( V, 1

(w ' 111v '

m t ,'Vea.



by the sawe argument for selection o)rocdue .!,1 her''

V = 7I  . ...i " , 7.
1 : 1 r 1 r ' .1 "

We need the constant d such fhat P' - ; i. ,r I
i k. By Lemria 1.3.? we !.,e -Viie e h,- .iv I

ing theorem,-

Theorem 1.3.. Selectior, P-( c' r, 2 'fi(', th( ; - r

with d 
= d( ] )

Corollary 1.3.3. If anc 2 ore - selcted sJh:d1 ' , . i
with selection procedure . and . respectivelv.y,

Proof. Proof fol lows from Lem;,a i . .

efin i ti on 1.3.4 . The procedure 3 is defined as jllo,'

Ste,) 1. Select :1i, i -1 ane stop, if

xX1 0 '1 '
n

otherwise reject -, and go to s e..

Step 2. Select i i and stop, if

otherwise reject 2 and (Io to step p.

<tep k-I. ',el ct ., i k - 1 and tirI , if-

1 -':k-1 l '0 k-I

il-J



Ot herw i" ejc 'Eli and nio to step k.

Ak

otherMw i e (j k

11oro X . 1a , X X 11and * orf the sinallest values Ywh tna

,ot is I iors the P* -co ndi t i on

I V, I 1,1 ()11 1) t (I

I or ally i I i k

k-i--
illf P, (CY I 3) inf ( r

:C . i .11

1 7 1

k-i-tI k-i+l /n

IV k-~l dk-i+1
p 7 F(.; , 1).

IhU imlo (Ik- i I - Ifor alI i , and

d( I I P*) ,

E- (P*), i f F i s symmet r ic

iini Iii' to QiCo 2elPmifl tor FrlehurO we have the fel eni V fi -r'

I w~mI. I. (). (Piectiot procedure satisfies the f)*nCeTrition AV



iI

Def if iti o I I 'i p t , 1j' i ,

ep . et i I r

S -

Here

-I(I - 1 P*

Theorell, I Ii ,-lct ion wTo'j;'o, t ,

Srep f r Ily i , i k

tep ref- I . ' Piee t -.,p I , r,- ', d,

)rollf Tht, p r1w f 1 riie I "



I tit ( I ow i I, I pi H odV k W I, ji Vi~t !,yI (Vi ti I j I Lu I ( K

w it i tin w a,owi ii mv m ri r i n, 9. ; i or

1), I I)i fio I f fi 'if, I e ic i1 on iO e~ i~ r, o

t it t I,] I0 I V i I t C I o..

vit i' ' ,hownr thait t he vai u e 1e*.ermflhi _l tJ , ' (H] i Hi

I. 1 A M)'al Problem

lu atwith the -.a'e i5 t(1 sin 'Ct ifm 1. -'1 's 1 .t

1)119 ~m 1 i solo t 
cl h o t wri I,, con ta is no a ii

hi, dof t i tio oF ai ( orrec t 'eIc'( t wo (P') wi I I Flow h 'lh' r:(,

ti t t ha t ( Or) t ') iit no har poi 1 a t' i ons, anl tV ho i io 00 Wi

tI i1 tlxa'd oil thI)is rwo (I.i ir i on (I f ror'' sourc 'ion ((

I t it inr ) Iirl li t c.r cIS' l l i tp ob eI or in a J I ut IIrl t )li' I o' ti j

i lii ' 111 ' ,, I a lv '. Io .u( su1 whi h a i ,v , illII to-O

II p 1' .1 ti i' fil' Ot-if'i ir' t' In t I0 i, Ve ii'

.01' 1 1 Tj . o ' "( ( lm( 'J l I to 1



where the "flew (ionl' pop~ilit i ( oi, ri t he "tjld huidl !tttl'i It it'11 1-

chanqinq Siqns; -,ina Ily , re(jec(t t hoe Ieecte~l I ,ibie I.ii h-,

iai nders (as the des ired so I etted Sjbset. t ,.,

the above prOCedure Which1 correspondr, to .i I

t i ve I y .

Theoreit 1 3.1~ The so] o-t ion nrnc- , lue.. i ,

the P*-orli t ion in whi ch the cre t s;elt fii m ( . i

sel ects a sujbse~t wh i ch conT a i ns no tbad popu I it i (n

Proof. Gi ven Pk an mAottervai t orS , or any 'r t i t''f

-si 3, 2 a fter chanli nu the Sn 0? ql of!1 r,- It

the probabiIi ty tha t tht- -,e]oc ted -sub-se t (, toit irt i i I I

populations is ni-t los,, than P*. if we tejuitt the ci ,( 1a

S , then the ,omplemenit su St ( of- S conltlin; .t!I'v mv, .

ul ati ons with prohab i Iitv I es-"s t han 1-111, but I fit ''n

10 ti nn; are the ori (ii na I / itid popt kit iow ,II ! wh, , r . I

the, subset S' contais mv oilifial ly outd pop!ti1 )')? tuevi

less than 1 -P*, in) other words , suse t w, n6 1r

w it h probab i I i ty ue (er Othanor oquia 1 t e ire( t.

il I arb i tra ry triue coi' fi euro t o i,1. ens 14W' . 'Id I ho.-

RemarYk 1.. I t i* a - e ''tl .1,5

~as uset! by in the i "I "'" Y~ w'i *t.

pC
K - +I I



l(. I t V it Il It i mi I( 11 t 

-,orli Prollosed So]p oti of) PrO(§d'lur .,i -

When ( i, stn kniwovin

ui.II nk nown, 1- oruuo knownl (oi'11)on TunrrP~t J. i.

Iitj u I We tov no, a Selcticin proced i V

Pe f i lit o

kX X 0 d(?:) r i 1,., k., ropnvr1

ho I 1:t

I I I r i I t' I. r Ir I h I rr 1 t I h I

I~ t- ~



'I

It is easy to see that d (2 . hi f I I i
k-i+l:k I :i

qives us an identical forill o1 the 'elec tion p-'ocew,!JrI

Theorem 1. .15. The selection proodure wi t H Imwr 1

the statistics X i :k  i 1 .I k, are ro'!ac(, hy X. " i

respectively.

Proof. The proof is the same as that in (:as( I aorl hri,( ,'

ted.

The values d ( I - 1. k are tabfl, i d iri i, h 1

k =  1 (1) 6, 8, 10, and P* .99, .975. .95, .A' ..") .T

.75, .70,.65.

Similar to the Case I, we propose a selection 1)r r

fol lows :

Definition 1.3.R. We define a selection procedre ., hv,'

"2 elect .: if and qnly i - 'I J

where (I is the smallest value such th.; -It i " t f r 1

Then, similar to Theorem I. . w( have:

Tho ' I .1.; 1 . nlrrlpr ai,;rj:: ion ' r, I, i ' 1 ,, ' ,,,'

hit 1,( h V)



I 1w

-~~~ I. it, i 1i . by X. - I *..

1 01 l t1 fi m eI aIw h tr,

-, ind i t i oil

irI t o Theor-evi I1. 3.1I0 we hIv e:

I fit 111 h, I Ii 1 in WI W ' ~i ~

w . 1 i-1 k where rii~ trned by 0-ehn

wXi wil not h e :h aie I t, hr o t a tist i c ~ ' 1' !!v

I i 'iiwiI 1 i of poill ioil fri) r i

1 he oii I IW ow 0 i c rm -v t i oil :wrocedi'iro (2 mi' pif-i 'e 1) 1y t'i

1is- iit i 1 .1b Ther solecticlr procednr ;ieii-'tI

dh i 11p ' t Irril neil by thelr f oI I mc."i noI f-1 I t ioni ~ h



lor the ,pec i.i I cosa n (

If F is; norr;.-i Ill tr' ht)LJI o ~

is fyinrq the Equa ti on I. '. .5 0''eeo I " I'

:'O( hho f pr (1 19114 t w ~P>K 1

ehwl owIwlorl V. rwr t .

ise knhw" (11 M 1 -. '!W1 j

0 1

e t 1r lo ~j



K y i III S i i 1,1r, ir(luillf-fl ts '1" 11 n La e i WI- ha ve

I fworei 1. L18. The equat ion wi i (I ct er' i I I t he o T I t .1 -

1 k- i :1'k

J ,v +V v \)(I (ydy -

1h r 1'

(v is t he dens i t y of

I' I rowri tjO o r11111I I1 C



Pema-rk 1. 4. Thu' v'ilfi, of dI,.I

hefl e (3

k-i -1 :k I:i

64' hdvt2 teVal 1 nited EFlc titbjlaoi ,,I u- .') i

in TOblc, III , fr k 3 1 6

)0' and TD wi th ((yl'1un1 -s1 1f I' ; I.

~k i I

') mr I) Ir wt I ~ ~ i K . I

I Oct 1 1 .al v I .) I

whtere d> ' ef iro( (is :i '1 )(tci 1 1 h".Iii-

-i. 00 l ,tarE h h't , t ( .t " w *h P (1l t j In

le oa 1'; ni' hn

tEl.f f .- v*'~



I 0 It , pot o f th Ito]]f I jnn r t h oreri wU 0% t' 1n ,Vi(,o1"

,r. t hat I in C, i 1 I, h enci(e i t I on t te (I.

Hwurwom 1. IP. The wpma* i on whichl detellmifw, the nr,tan- I

11t I i pro( edu re ()

(yi d (~I ;dy

(hilptl t Ii dul Woi (I9W, (;idve a se~ I ecti on i)rocel ,'a ' f t r;

SeI len f an d on I v if /. 1 0 A i 1, '

loln t he fr~'poa ionl which do terlol no Ct in

ww m Propose 5 1(t i on (, rl( ocoilures, i I

'herl 1aolll Conrol) 'Ind Coi ot) V,1riaroc 'i I I

xI V t unknown, coionr variarnc unknown an:! fwl r, i 1

Joa~jOthat inl this, ao Ii~ ditrutiour j t ho c a

,11id wI d hy WJo re~ pi If il (,(a( h so Ic i On1 ill I t

( f f deriot t o t hf I hi -qua f d Ii ,tribmf 1or On t h

01 ) wi-ow ot rfodo '1e .ont~nt fi " i ...

1 Jolr~ou~n4



ch on, tint 4of ;lncpdure 1

Unle i-pe roro i - na u l /o t

,,lt i n nr c ur k, 's o ,, 1ver- d 1r j f l e v i Tif. 1 1 ,]

D- f) k n n' in L 1 on' in 14ij nn (

seetoProce dure is o''lnr-nnn-u i -f t] r I Inn

1 e1 ct d e

W I j k nr-n t-p n -ri 1 1

Therp I ~nnth1' ),lo t 1 !((i i/H V

Fe) ri C If r. -I oo Sr n rn vnn n I



Vt I'I II o

tf oi tio ri(I w

he1~I I. tc t Iii il Io e

I tVIp p li'

ho o I(

wt ;, rivi vi 1 r. ti~ c l ': > -l-

Kl il( f



, t henr r 7)' v

I it

Or- t he (77h-nr hatn?, *or L) d u re

o n-i ,A u I a

Threfore, we have the h laowinec th v.

Thenre .. . For- anly iC

sip L '' c m K '

Th~S n 1-!I ,e l i r o

Thien.e i t- n 5
cn7' 1 ' , '7U 7



rI

''!'.1-1 .

k-k

k -

I_ r d -~
k-j

(1 -

.i 1 r1I

, (1
i-I

U ( I LkI*

whI1I I (I I- P*'

1., r,, I > ',I up I(:, '.,) is increasin; in , hence

U) i> i t( k - q(l- I-]),P* (1..,

:, k-,i

'r .i1(: the function

f x) x -ab x ' l

i11 in x, for I) a I 0 h - , nd 0

In t,iw, I of Gupta (1(65" showe'td that

S ' kP k. 1. .



When t h- fwJI K 'I K -

. p'O C orl . I ,

isotoni C KK. f , ]I OH of I , i f .:I' ,

sample lea n , a ri ( tnat If he ( - II

II

S = U?, 3) a e th- e.m a', ', ' >..-. '. ,...' ',,

select i prn Ber es , t

respLectively, 001.i a 3 e K ,iv lo't , i,. -, 1*., .. .,

1975'I a O~ r 1.t'i (1q7 " ni ;o !.

a)y US ifq tNontt Ca3t I tOech 1 (fe in %; :> ,,, I tt t',' I. ; l

! ,rld Brostr:, I1977). se; art,?1 y th, ( i ,  
I . I*, ' av..

than "I Ia 1 ,,s (I ": in f he h t p E, t)o I pron

1,2a ro - von hi '0 o' I

,i-" 1 :
' , 2 , -'a ( I V ["'' ;P ( :' z 1

I_ .

,- .; I- H ' ,

atnd

.... ... . . . .. . 'III ) I~ A II .
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0 j+1i

k 0

0 jf1

1.4.1. P ro )os ed S elec tio n P r oc ed' J t -es

Ca-se I. Control 0known and common sample size n.

Defi nit ion 1. 4.1. The selection procedire 0 '.dl0 -I-

(tep I. Select i k a nd( st o p ,

otlierwi-.e re-t k and (it) to "tel

Se p ?. elpct i. 1- k I 1'and V),on, it

o therwi so rpj oc:t *k-i and m) to ;tp-

otheri- c or ,(-! mn! r t u t) I

S-tep k . (Indo I t!tip.

1 :eruk'
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irf P ' k y s + . 4 '
P ;iU ' ax t

j=i 1s j J.-t, k

1 k y + y t f

ma xs mi t-s+1
] .. *i JY*~

Max isi - ~

S. ik

where Y 's dre j i A wi th density 0(*

+ I * + Y

Co-roI Iary I1. 4.. i:k iiJ

For any 0l, llrt, - ~ ~ ,< . . ,

d ti von 'tiyF

i"~r Iivf~r by
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Definition 2.4.8. Given a number P k P 1), X x and a prior

for any selection procedure ,, CL(T,P ) the ratio of the posterior poi,t

ability P(CSIP,x) and the posterior expected selected size L(S,,/)

called the posterior-efficiency of P and is denoted by EFF(,,1A),

EFF( ;'x) - P(CS ,x)

If EFF(vJx) -_ EFF(..' !x) for all ' x t and all x, then the .(:1e' t im,

procedure ., is called "posterior most efficient" (PME) seleutiu r, it-

dure in k (t,P).

Theorem 2.4.3. The non-randomized posterior-P selection procedure

is the PME selection procedure in L R(:,P P L NR' give',

Proof. By Lemma 2.2.1, for all ; LNR

C; " C NR _. 'FF -,'I x) > EFF(.Ix) V x

hence it is sufficient to show that:

Given T(q), P , x, EFF(RiX) > EFF(.' x) for all ' ( s'R( ,P ).

* * B

We know that, in LNR(T,P) hence in L (T
I
P B R always ha,, mii-

k k

mum selected size, i.e. V x, .NRi(X) + c 1;,!(x) for some iYteur

c, 0 < c < k - 1.

k

( i)(x)p[i](×>EFF(L' x) - inl

k

P1 ~~~Ri )(X)~3X±~~~~ V-k .
kk

,B.
., , )+c



q6

s terms

k

Y (~qi(x) + CP[ks](
i k-s+1 [i]~ -s~x

EEF(4 ~i (x) + ~ -c

k
y ,B (~

j; NR(i)(XPi(X

4) BN~ (x)
iR~i

EFF( N) B .

The last inequality is obtained by

k Bk B

NR- (~. 4  NR(i)) PkJ )

k B.

[heorem 2.-4.4. The randomized selection procedure t is the PME proce-

(hire i n ik. (P ) for gi ven r , P

Proof. It suffices to show that, given r, P X x ,

Err (" jx) EFF(-y' Ix). '

Suppose j, (x)- (0 . ,,...,1).. 0 < 1, 1 s k -1

,, terms

By theorem ?.3.1 there exists c C such that

k k
V B (x) + c V ' (x)



II

If 0 < c < 1, then

k

Y (X)Pri](x)

E F F (, ' Jx ) =  i;- ... ... ......
k

i~:l

S ) (x) + cP

k k
< ~B

T 4~j(X) + C

k ''i (x-), [ ](x

k Bil

k= B

- EFF(B;x).

If 1 < c ' + t + (l-), t > 0 integer, 0 1 then

k k B (x +[. i (x)P[i](x) = Y .. ) x p i ( ' [] ,

i~l1 k-s+l i ]

+ p)[k-s-t1(x) + + k -

k
.j= B (x)Pi](x) + (x)

hence by the same argument as above we have

EFF( ,,''x) .- L F( ,Bix)

Since x is arbitrary, the result holds for all x.

2.5. Appli cations to Normal Model

Suppose we have k populations lI . .k' population a h (lit i i

2tion N(,i ;i ), where ,i's are known and ;i's dre unknown. A,,,m . th,i w,.



have independent observati-,is Xi, ... Xin., i = 1,..., k. Let

X. X.. and let X (X1 ,...,X1 ni j l 1 " k)

Suppose we are interested in selecting a subset containing the best

(the population having the largest mean) under the posterior-P condition,

wrL some prior i(ij. Then to find a Bayes-P selection procedure is

equivalent, in some sense, to finding pi(x), which is the posterior prob-

ability of the event {fii is the besti , given observations X = x., wrt a

qiven prior , for all i = 1,..., k.

C(i I. Assume that we have a common sample size n and a common known

vij ti ice

,i. Suppose we have no prior information about the unknown parameters,

and use the "non-informative" (Box and Tiao (197.-)) or "locally uniform"

pr-1or p(L,i)-c for each population.

The posterior density function g, of ,i , given x is the normal den-

2
(,ity with mean x. and variance ., /n, i.e.,

! X ) " nn 
( ,1i.-x 1 2

(-2_ exp (- - )
i 2 , 2

ItI( I'

P[ 1(x) P(;'(i , kj X : x)

t + '-n (x x )d:(t)

i 1 .... k.

Ilpr'(i 1', the quant ity corresponding to the i thlargest ob) ,ervat In

II,1



lb. If wi's are independent and have the identical prior di,.triut ion

N(o0 ,o2) and XiIp i ,N(pi 2/n), then it is well known thdt the I,terio,
density funciton gi of i' given X = x- is

gi(uilx) 2N( x., 2) with SIP property

1

where

Fx 2 (-2()0 + nul2 Xi

, 2 2 2 1(°o0 + loi l .

Hence

P~il (x-) -, ((t + ,n. 2(x[li -W .

The last expression for p[ll(x) is the same as that for the nrio-informa-

tive prior whenever o .

Since P[.](X) = p[i](x + b) and since the normal distriutLion h~,

the strictly SIP, it follows that c B and Bare just a.e. dud frmr,-

lation-invariant in both case la and lb.

Case 11. Variance i's are known but ji's and n 's are not all equil.
Ila. Using the non-informative prior p(,) c, ii... k, we have

p(i) (x) = , 4 x[.... .. )d4,(t)
-- j i V(j) v(j)

where v(i) (i) z 1 ,...,k. p(i), (i and n(i) are (orr( ,iujdiiui ti,

x~i] and we have the following theorem.
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rheorei 2.5.1. p(i) (x) is non-decreasing in 1, i.e., p( i)) W p[i](x).

Remark 2.5.1. From the above formula of p(i)(x), it is easy to see, in-

creasinq the sample size of the non-best populations will increase the

probability that the best population to be selected, however, before do-

inq this, we don't know which one is the best one.
case"jusnd

In this case B and NR are "just" a.e. and L anslation-invariant.

Cae 11. Assume that priors are independent but not identical normal

distributions, namely, wji - N(eoV i)' where ei's are not all equal; if
2

the conditional distribution of Xi, given i' is N(i, , (-1 ), then the

posteror density of pi, given X i = x i is gi(nixi), which is the prob-

ability density function of normal distritubion N(5 ,ox  ) where
x.1

2 2 -

F2  (0-2 + 02 n01"i : (Oi +  lin

Hence we have

Pik) T1 t -i + J (0i )de(t).
S jti F.j F. xi x.

If 'oi "o, 'li and ni  n, i = 1,..., k, then

0-2 + 2 1

aInd

n(x. -x)
pi\x) f +Lt 2 + 1 9 + - - )]de(t)

p+ x) _/.. i o1



Case IV. The General Normal Model

Here we consider a more general prior. Suppose we have k popu--

lations, common sample size n for each population, and common known

variance 0 , 0. The observation can reduce to X = (X1, ... IXk) where

n
Xi = lX ij./n, by sufficiency.

The "Normal Model" is defined as follows:

2
(a) X i,. - N(P, qI), q - __

n

where I is the k x k identity matrix.

So the X's are (conditionally)independent when i is given.

(b) - N(e0  I, "I + tU)

where 0 E IR , y > 0, t > - I

1 = ( .. . I) and U = '

Here y > 0 and t > - are necessary and sufficient for J iW
k

to be positive definite. This model was chosen by Chernoff and Yahwv

(1977) (t > 0), Gupta and Hsu (1978) and Miescke (1979).

By (a) and (b) we get the posterior distribution of , given

X = x, and the distribution of X as follows:

.x N(, al + bU)

where

= y(q+y)-I x + qt((q+-)(cl+)+kt)) - 1 + q(q+y+kt) I
ax U +I

a = yq(q + r -
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b = q2t(q+y)-i 
(q+y+kt)

- 1

X - N(il_,(q + y)I + tU)

Lemna 2.5.1. Let Y - N(j, + pl,al + bU) with CIR k, IR a 0 and

h - a/k. Then there exists a random vector Z - N(P,a) such that

k kh(Y) - h(Z) everywhere for every translation-invariant h: IR IR

Proof. (See Miescke (1979)).

With this lemma, it is easy to get

Pi(x) P(ki =  
I[k]IX)

= i (l O i= w[k ] } d ((Y ) , )

q+-y - 'q+y

where , (*,,V) is the normal distribution with mean o_ and variance-covari-

ance matrix V.

We can rewrite p.(x) as

pi(x) =; , (t + (( + )- (X - xj))d.(t)

e t/n, we have

2
00

i (x) - "+ 2 2 ) (xi  x ))d:(t).-" jli +; < 3
n n+o0)

The above expression is exactly the same as that of the independent prior

(9ase I. lb.

lae V. Under normal ass umption as before, but suppose 7. s are unknown

,ind that neither i's nor ni > are all equal



Suppose we have no prior information about (,).for each iidivilo-

a] population Tassign prior p(u,. ) 0 then we have (See Bo', and

Tiao (1973)) that the posterior density of ii' given Xrxiz(x~ ill...I.x in

is

( 1 n t- -x 2vI
P(WyXi) =U i+ 1121

2
where s. is the sample variance, B(-,-) is a Beta function ind 1

Hence

I ;- I& -II

which is the density of the student's t distribution with . -V

degrees of freedom.

Usi ng this result we can write the formula of pi(x) by

zf -1 Tv.(t 11 + 1 3)dT, (t)

n. r

O Ys (x.-x.,

Ti s the c. d. f. of t di stri bution with deqree (Ho m' a

When \.s are large, t di stri but ion ai)Droaches normal diJ rl but cu, lwmc

fnr large n,1 l..k we can replace T by .



PF-

Li se VI. suppose we are interested in finding a subset which conta ins the

populatiion with the smallest variance; i.e., we define the best population

as the one with the smallest variance, and suppose that we have no prior

intnrmation about o. In this case, it is reasonable to assume that

if , is unknown

i(. ),. - , if is known.

let
k 2

nj , VjS2 (Xjr-2 if . is known

k

n.- 1., , vS2 (X.r-X.) if j is unknown, n. I j= 1,?,...,k
S - (Sr, jr j ,

.... k (Xll .. ..X nl ".., knk )

2 2

and Y be the random variable with c.d.f. x which is the 2 distribution

with edegrees of freedom.

lhe for either case (, known or unknown), we have

p (x) -- P(, 2 2

2 2)
P( 2 . J, j i X x)

2 2 2
.. 2s i si V s. 2  2

J- i ) s j

2

,]i "i i,
1 112

-P(Y j/ Y

s1

(r ( j)d (u)
0 hum . -i. 1



I ) K ,

2
s S

-2( I )d ?, ) if -' 'k i

0ji s

With these p,(x,..pk(x) we can apply Bayes-P rules . id,

Lemma 2.5.2. In Case VI, L and B, R are just a.e. and (,alc) tr,,I,

tion invariant.

* Here the definition of the "just" property for a selection ,j

2 21' 2
" (s 2 ) • i(s ) if s . s , s2  . , /

i J

2.6. Cojkarison of Selection Rules B and M in the Norua I o

Parameter Case

We have k normal populations with a conminn known vdiar,

common sample size n. For this case Gupta (1956) propumd ir .,
M

procedure., .
M e e t iff X . . X [ 1 - d i .. . k w hA rf

is to be determined by

inf PICS , ) P

and , is the p3rameter space.

We will show that M NR P  where is the locally r,! ,

prior distribution. For fixed D and k, let d be deteyineru !,i

k-l*" (t + d)d l(t) P

Let



k
!all possible ooserved VIues Ill

x x x ( L. x - n • x L
[kn

Sx ( Xj- " ,kdj d k

xi _ ]  k] - d

; IxX i S xLi~Ij xjkj - d ,j [-

then we have the following theorem.

heorei '(. 6. 1 . Given a number I) and local I uni form prior
k

for each popul ation , - x ( %i, then

P(CS N = x) : q (i)

+*P

Il 'l(Ie

ProofI. I t i Lf f i Cient to show that

• k-i *

p. k-

r I( f

k ~ ~~ f - p

. ,rf : .A

II



'I

Without loss of generality we can assume 1.

v'n

Since

k
pi P i (X)L 1 "v x ( Z , and " ,

iari
11[ii'-

p[ ](x) is nonincreasing for all x[,], j < i - 1, we have

k k
inf . P[ ](x) inf (1) p [,](x)

x( . ,= x(

i-1

I1- sup P (X)

s SU ft 4 x -X]

xi l ,,

i-I

= 1 sup (t X ,

x ;. (1) ;--I - j'i Li

s tu + x[, r),
jXL-]

i-1i ,
- 1 -sup Y / T (t + x[ 1 - ×1

:,i-2(t) d:,(t)

i 7 f , '(t - d) 4,k-2(t)dw(t.)

2 r1



1 08

= 1 (i - I) f :(t-d) k-2 (t)d(t)

(k - i k-2(t)¢( t  d)d,:(t

+ f (t + d)d,,t) (2.6.3)

The superimum of (2.6.3) occurs when xE.% !2). The last equality

follows from the identity

(k - 1) k- (t) (t - d)di(t)

1 [ k-l(t + d)d:,(t),

which can be shown by the integration by parts. By (2.6.1), the second

term of (2.6.3) equals P*; then use the integration by parts to the

first term of (2.6.2), we get

k
inf P[i] (x) [1 P*] + P* (2.6.4)

x E; i  9,=i

q*(i)

Remark 2.6.1. If the procedure ,M selects -(k) only, i.e. X = x E.k ,
B Bseet

then by Theorem 2.6.1 we have p[k](x) P* so that B or ,NR selects

(k) only. But the converse is not necessarily true.

Remark 2.6.2. For the case k = 2, B M a.e. For any qiven X x- - -NR a e . F r a y iv n X = x

it x(,, then p 2 ](x) - P*, hence M and 1)NR select the population

aoitdIf xC.(, and x d N
p associated x[ -. n [2] - d - Xr then . and



, 0, S)

'NR select both populations 1 and Since

P(X[ 2] - d -  X[ ) ,
,/ n

we have ) 5 MNR a.e.

Remark 2.6.3. The above Theorem and Remark 2.6.1 gives us a luw,,

k
bound on the value of i Pr (X) , over all x c.i. The ex,,t vi ili

M 1
of the difference of the selected sizes between • and (deni. u,

the observations.

II•-a

2.7. Applications to Select max "i , 1 for Normal
1 <i k 1

Distribution N(vi. % O i - 1,...,k

Let i1 ... vk be k independent normal populations with mean

variance 2, both wii and 'i are unknown. For the goal of find in,

random subset which contains the penulation with maximum ,,i

for some given constant a, we assume that apriori (ni, i) i

are independent. Suppose we have ni independent observations

X .... Xin from TT ,and let Xi  b,, their sample mean, i

Let Y I.. .be i .i.d. - Nf, , . If no prior inform,if i,.

available to (.,, -), we (ould assion a locally uniform prior

p(;,, '), --1 to (, i), (see !lox and Tiao (1973)). And the pwIt,.rii

joint distribution of ,' ! - a and ,,, qiven observalin,.

Y -y (y ....y,,) is given by



11n

P G, I Y) exp E 1 2 + n(y' - 2
2 u

where

n
Y, y -a, y LV~ y./n

=1

vs - Y)2 n -1(2.7.1)

Let in -a)/o, with (2.7.1) the posterior distribution of (;i en

Y --y is

o)("l Y y) =p(kt)

whore

t ini(y -a)/s, v n-1

I(X) -~2) exp U i + Y,)2 du.
0

Now, let p(. . ~1be the assiqned locally Uniform prior

to (., ) Then let x (x , X 11..x k ). we have

-( nI xb ) x)



lI

P( F > ~. Vj i i t.)

n.

f !I G. ( n zlt)d G i(zt) (

= f G (z t)d G. (zIt) if nI  = . n k
j~i "j i

where G is the posterior c.d.f. of q, given x or t.

By (2.7.2), the Bayes-P* procedure is completely specifil.

If the prior distribution for (,,, ;) is the conjuqate ditrihii !(it-

(see Raiffa and Schlaifer (1960)), then

p(G, ) exp {- 2 n' (,-m' exp 1

2o= p(,iln) p(. )

that is

VV 2

p(, ' 'v' 2
--- , V , U' 0

Let

nx + r'm' ix' n -- ... T -- I x is the sample mean

(n - 1)s2 + + [(nn')/(n + n')j(x W )!/

v* (n - ) + v' 1

- n 4 n') /2(, - a)i.

t* (n + n') /2(x' -  a)- l,

the posterior distribution of r*, (liven x is p(,*x) - p( i l) hi(h

has the same form as p(t), but replace , t, - by ,



Ih '. t (ir I h tin iil f,'t t- ! t w r,',  Wo (' t

where G , is he fjo, t i r i .t . of q i ve1 x f irt

Note that (.1. Q) has th ,,ie f,',: ds (_./.?), but ,-al(

t by * t

App I i ati on c to I'oi l :)i , C i ,t t i Out n', hi 1 0, . f'!

fl! i n ) 1) i-t but i i , (,i +d ,

'uppos, t hot io k ir'Jepentder t Poi sor im pi I , II,.

the in depenldent ob v rvations X i ... Xin fr)i, have he '

,'n [,yi 1 with paraiettr I denoted by P( . ) i 1 k

let Y 1 .... , Y be . i d. with p( ). If we uSe nm ib- 1 f m,:, .

lit it p( ') I " ' (Po' and Ti do !I,' )) then i v( ' /Y

weI hiv, the posterior d ansi as fol lows

riv

P ( 'y - <' ' (- ,

,I n

y I. .. II .. .. . ... . ... I II I I Ii . ..



We see thdt 2n, y "2n the chi-square distribution with

2ny+l degrees of freedom. Hence by using non-informdtive priol

p0 1/21 for each population ., we have

2 ( i 2

.,. -d (z)i. [k] x)j

nn

": ~ + X i ? ./f
where

2n. x + 1 .x ' x./n i"

If n 1 n , then

2 2

S(X) .(z)d , (z).
0 .J~i

With pi(x), i 1,... k, we can apply Bayes-Pk sele(tion riil,.

B B
ind ; &NR easily to select a subset which contains the popol,!f

with the lariust parameter On the other hand, if w tro i

in selectinr; the povulation with the smallest prniotr . htt

f , n . 1

0 ,ii

h iM .1 ,

14n tR i t~h Id t O rl Tabl ' VII.

__ I
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2.8.2. Poisson Processes Case

Suppose we have k independent Poisson processes

IX(I)(t) ....(x(k)(M ! with expected arrival times equal to

respectively. Hence for the processes X(i)(t)i, the

probability that there are ini arrivals until time ti is

1( 1 e
( )(ti I t i

p(X i (t
i  mii i  ti )  M -i --  e

21
i = I .. . k, m. 0 , 1, . .

If there exists no prior information, then we use the non-informative

-11?
prior p(\ i) ", i for all processes. Therefore, we qet the posterior

density function of ,., (iven (mi., ti) as follows:

p(,\ i~x(i)(ti ,mi  ti  P( . m, M ti

1

( l. . -- 2 --

- --- t. e+1
F(~ + ) I

Ihu,, 't has distrihution with 2m. +I de rees oF treedom, (1i vyn

hw number m. of arrivals before tivie t.

I ot. II - (i1 1 ..... IIIk and t (t I... . ) , then it i m ho hown that

th, P nison procPs, !X(i)(  ' ha; tno maximum pa ieter (()r iiriinT

filIn wait ing time) , (liven (ii, t) is



p1rt)=~(y -I)d x';,,+ 1(Y) i 1.I k.
O 0ji j~ +1 1

Here we list two special cases which are of interest.

(a) Observations of all processes are obtained in a (oriltion t i-ie

interval [s., t + s l . Since P')isson process is stationwiry, WO

can assume that s. 0, and t I.. t k t. In thi-,

2
Pi (in, -t) = Mj+i x'+(y)d 2m.+1()

which is independent of t.

(b) All m. 's a re equalI, i .e. we f ix Pi f irs t, then net otbsnfrvtj i ov~

Hence

2
p. (in, t) f ~ m~(Y 1 ),Ir+ (y).

There is an alternative way to approach the cases (a) and 0)).

Let T.i be the waitinq time of the nth arri vdI in the i th [)Y'()

then T.i has a gamma distribution with density (liven by

1 /t

If we have only non-infornnative orior n'Kl) I then, Ii vrii wi. .0'?

i t has posterior I rij 2+,ther-eforo the , j lo

of p. (On, t) we (let here is eta II xn e as bef ore.



Remark 2..1. Under non- inforniiti e prior, in comprri o the b:,

selection problem in k Poisson distributions with the prohles i, l

Poisson processes, it is easily seen that Poisson distribuitions mui

is a special case of Poisson processes model, namely, t.. = n. where

n i denotes the sample size of the ith Poisson population.

.. 3. Relation Between Selection from Poisson Processes and

S election. _f-rom Popul atio-ns_ with, G-amma-_or- Exponenti ,-l

Distri bution .

Suppose we have k independent populations, the ith populition

havinq the qamma distribution with parameters, n (known"

l 1/ (unknown). Since the random variable T., the waitinq tirie

until I I arrivals in a Poisson process with parametcr ihas a

,ammla distribution with parameters = ., /, /. If toe r,. 's are1 l1

(Iivn and if the goal s for both sel ecti or, probl ems are the same,

namely, to select a subset containinq the population (process) with

t.h, largest parameter , then it is easily seen that these are

identiral problems. Note that in the selection probler of Poisso,

r . iht -o , ;ireassiqned . !us bat o re ,iven

raldoll obervations whcrtvoe, t 's are oreioass oi(di valuo. In thi-

,i, the ';(lortion probler; of Pnisson po cesse -, different fr,n

thai of the jaiiria distributi s.

If the procers , a sn i at /i'st. inir;: aarel or p (or t'Pu

. i[}1m wait-in' t i:o) i, t, ', , ttntl/ th potnlior pro aflil ity

WI II WOi (1"' x t. C l/fit (ai' : o 1 aih f ita '



before with the modifications that the integrand function

? . t .
/ 1 2 j+l (y  iJ)

of (2.8.1) is replaced by

[ 2 t.
" [l - ", ,r,+I (y  t=]

2.9. Comparison of the Performance of ,, B R' ' andM

Let . i 1 . ,k be k independent populations where h.,, h,

associated c.d.f. F(x, 0) F(x - ei) with unknown locatiw In , .,''

) i .  Let f(x, .,i) = f(x - '.) be the p.d.f. The (oal iv ,

small (nontrival) subset which contains the best.
The followinq subset selection procedure ,MFD,

medians is due to Gupta and Singh (1980).

MED
ME: lect if and only if X . X[k ] - I

where Xi is the median of the 2mi+1 random observdtions f rolq .,

T. and X = max X.. The value d is determined bv the tol;wi,,1 [ki i 1

equation so that the P*-condition is niet.

G G(u + 0('0(u l k

where

,)(u) (1(?m+ - (3,(,



G(u) I F(u) (' + 1, :1 + 1)

I (p, q) is She incoiiplete beta funct i,,.

y

In this section we use Monte Carlo simulation techniques to Cumparll

the performance of selection procedures ;B B M 11 d in tne

normal means problem. Because both rules , and i re not based

on any prior information about tue unknown parameters. we assw.im that
B B i o a l n f r:l

the prior distribution i for both B and iNRs locally urifrly

distribu ted. Since the selection procedure satisfies both the

P*-:nndition and the posterior-P- condition wrt the locally 'nif!or'

B
,riers , it makes sense to cornpare the Bayes-P* procedures and

!.; M 1 1 " E D .
N with . and compa re with . 1 Ln es -f efficiency whicu

i, 1he ratio of the probability uf a correct selection to the expecte4

slorted size. For studyinq the -obustness of these four riles. . ,

IF !, MEID
and., , we chanqe the tru e distribution to non-normi al dis-

fribit inn,, na, elv, the loi tk , Laplace (the double exponential)

,nd the oross error model (the cuntaiinuted distribution), hit keep

th, <,el (t ion proceduro inchaned i.e. still baseo on the nor-,al

,', ,;lijlt ion). Ie ;,Inni, , rlc Si lition results fm trnt
h  equal di-

111. l" f t he p'i l er s In m! ~ ~ ii 'I! t'Io h I o! r et tn I

i ,t( enerlt 1 : r , , va riablel ar(, I .-. I n ,,-

Ir I a h i r,(, wo nE, ' ii e r I , va r i, h 'i lq h

<i I w , I ' lit 0 t r i V , , - ' ru , ~ v Irb i 'n ' '

Th, i i ,)r ir i -pp, , ] ' I I O

t , r le re I ;t j 'ro ; , *," o Ill 5 . ' .1 Iv, I''



used as an approxiration to the orobabilitY of selectiil th,..

lation The sum of relative freq,iency of selecti .j-) in j ( ,i ,

lation i 1,... ,k is treated as an approximation r,' the -; ,,

selected size. The efficiency EFF ol each selection ;I)'(,,d,'u4 i

approximated by the ratio of relative frequency of sele(rtini 1,.

best one to the expected size. The simulation reujlts irdl

thdt in all cases we have the perfor-,ance

3 B M

It should be noted that in the above comparison c5 the -C ,

we restrict attention to these rules which satisfy the e

condition. For sinail sa:,le Size, tee efficiency cf rul, t .j
MED

to be larqer than , under O*-condition.

Remark 2.9.1. The Loplace distribution has the density t ,n i

I -'x- *

fur which the variance i,

The loqistic di tribjti ,, h,- ,  +h,, densif<' fuani, ir

f(x - - , -( ... . )

for which tihe variance ',r

The rirs ,  error r'odE.-I w C, : hr hr, l,,,i f. i,,

f ,t )h- (, ,/,i r , i

fror which .is the il.d. t. ,) 'm~r,,l' and t h' v,tii,in(e



ItI

wher'e L is t he t, pet, , i, UJ size.

1) i cus,, 1or1 a nd GConcl Ius i on1

or T abl e V IIt . 1 ,ind Tab cV (eua I di st1,ince-,c It se tnhe

i 1)( ond .90 res pectively, tre ,fie aiviple size- n

I t t he k populations 1mve no!,t11 1] W')f 'ions OSwi-0 tnt)- 'inl~ni~v

j1i'liipter- -onlfiquration (...+(k-l" . coy on cclne .K

h)o th i) 1 e Os t he p er f nrcia nc c e n e h er' he eiinY Ir h

ipfec ted , tse (cted i --e i S

he1f~ t1n ercrP 1'*idi tll fi~ is oil~t~e

r - - n

I ~ ~ ~ ~ ~ ~ ~ : I i 111 t



have normal (Iistrihitions with unknownr praIIeter ((ofIf r i 

conmlon variance I Frot both tabl es the pert ori ; , ,

based on either the efficiency or the expected selected 'i.(, i

B B M'' > "NP ;

if the posterior-P* condition is considered, ind if 'n I

'1 MED

under the P*-condition.

Note that in both equal distances and slippane casrs whet;

that is the popul ation means are not very close, the procedu,' .. :

NR wrt the locally uniform priors, always satisfy not only 1h,

posterior-P* condition but also n,,cs or NR

ed selected size of the sele-:tion orocedure B or NR i,. 'wu(' 1,

than the selection procedures M and ., MED For example, i. ,

mal equal distances case, P .99, k = 5, - 4,

[(1 MED - E(S, B 38

in the normal slippage case, P = .99, k 5, 'n 4

E(S L;.ME D) - E(S1.N ) - 1.560.INR
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